Extending the method introduced in [1, 2], we use harmonic maps from S 2 to CP 2 to construct low energy configurations of the SU (3) Skyrme model. We show that the SU (3) Skyrme model has field configurations with energies lower than the embedded SU (2) solutions. In addition, we show that the baryon (and energy) densities of these configurations with baryon number B = 2 − 4 are more symmetrical than their SU (2) analogues. We also present the baryon densities for the B = 5 and B = 6 configurations and discuss their symmetries.
INTRODUCTION
The Skyrme model presents an opportunity to understand some aspects of nuclear physics as a low energy limit of quantum chromodynamics (QCD). The model was first proposed as a theory of strong interactions of hardons [3] , but recently, Witten [4] pointed out that baryons behave as if they were solitons in an effective large-N meson field theory. This observation of Witten resurrected an old idea of Skyrme, who many years ago studied the possibility of treating the ordinary proton and neutron as solitons in a nonlinear sigma model [5] . Since then much work has been performed and has supported the idea that the topological solitons of this model, known as skyrmions, can indeed be used in the description of the classical states of light nuclei.
The recent observation of Witten allows us to check to what degree baryons can be described by solitons. Moreover, it has produced a new stimulus to some aspects of phenomenology. Furthermore, already in his paper, Skyrme has suggested that solitons, in his nonlinear sigma model in four dimensions, could, in principal, be quantized as fermions.
Let us briefly discuss Witten's idea. It is well known that the lagrangian, for the effective meson theory derived from QCD at low energies, corresponds to the U(N) sigma model, where N stands for the number of flavours. However, this effective theory is only an approximation and, in fact, it does not possess any stable solitonic solutions. So if we want to consider fermions/baryons as solitons of the theory, we must go beyond the simplest version of this effective theory.
To stabilise the solitons Skyrme chose to add a four-derivative term [5] . With his choice the Lagrangian of the effective theory became
where U( x, t) is an SU(N) valued scalar field, F ≈ 189 MeV and a is a dimensional constant.
The last term, called the Skyrme term, stabilises the solitons and, in addition, introduces small interaction forces between them. Their nature depends on the relative orientation of skyrmions in their internal space. If we want to study interactions of physical mesons we have to introduce further terms which are responsible for the meson masses.
Such terms play a more significant role in lower dimensions since in (2+1) dimensions their presence, together with the Skyrme term, is required to stabilise the solitons. However, in (3+1) dimensions they are not required for the stability of the solitons; they play the same role as the kinetic term. Therefore, in what follows, we restrict our attention to the model without them, ie to (1).
In fact, in this paper we will concentrate on studying the static properties of the model and we will consider U( x) fields, which are stationary points of the energy functional.
After rescaling the space-time coordinates [6, 7] , we can write (1) as
In order to have finite energy configurations we must fix the value of U at infinity which we chose to be the unity matrix, ie I
However, since U → I as | x| → ∞ we see that the physical space R 3 at a given time, has become compactified and is equivalent to S 3 . The integer-valued topological index, characterising all maps S 3 → SU(N), is given by
As is well known [4, 5] , B in the Skyrme model is to be interpreted as the baryon number, and so, the lowest energy state in the B = 1 sector should be identified with the (classical)
nucleon.
Up to now, most of the work on the SU(N) Skyrme model has involved its SU (2) version with solutions of the SU(N) being given by the SU(2) embeddings. The first solution of the SU(2) model goes back to Skyrme [5] who found the static spherically symmetric B = 1 skyrmion, using the so-called hedgehog ansatz. Then, a more general, axially symmetric, ansatz was investigated in [8] for B = 2 − 5, and independently, for B = 2 in [6, 9, 10] . It was found that energy densities of states with B = 2 − 4 are toroidal in form. The energies are lower than those of individual skyrmions showing that these multi-skyrmion field configurations describe bound states of skyrmions. Shortly afterwards, a more complicated ansatz for the B = 4 configuration was presented in [11] , which gave an energy lower than that of the B = 4 torus.
The next important step was made by Braaten et al. [12] , who performed a numerical Since the paper of Braaten et al. [12] further attempts have been made to obtain better analytical approximations to these minimal configurations. Most of these attempts involved the exploitation of the symmetry properties of the minimal configurations.
Recently, Battye et al. [7] , by combining the product ansatz with some ideas based on higher dimensional instantons, found convenient initial configurations for their minimisation program which allowed them to find, numerically, all minimal skyrmion field configurations up to B = 9. Moreover, they managed to show that surfaces of equal baryonic number correspond to almost regular polygons with 4(B − 2) trivalent vertices.
Even more recently, Houghton et al. [2] , have showed that by using rational maps from S 2 to S 2 , one can easily construct configurations for the SU(2) model which are nearly exact solutions: they have energies slightly higher than the energies of the exact solutions found numerically but the symmetries of the baryon and energy densities are the same. When these configurations are used as initial conditions in a relaxation program, the fields do not change much as they evolve towards the exact solutions.
All this work has involved the SU(2) skyrmions; however, so far, very little has been The first example of such a non-embedding solution for a higher group was the SO(3)
soliton, which corresponds to a bound system of two skyrmions, and which was found using the chiral field ansatz by Balachandran et al. [13] . However, all other known skyrmion solutions seem to have been the embeddings of the solutions of the SU(2) model.
Recently, in [1] , we have extended the SU(2) construction of Houghton et al. [2] and have showed how to construct some low energy configurations of the SU(N) model by using CP N −1 harmonic maps. These configurations (approximate or even exact) have energies lower than the corresponding SU(2) embeddings; thus showing that the SU(N) models have solutions which are more bound than their SU(2) embeddings. In this paper we restrict our attention on the SU(3) model and construct low energy configurations with baryon numbers from one up to six. All our field configurations have energies lower than the energies of the embedded SU(2) fields; and therefore, the SU(3) skyrmion configurations are more bound than the SU(2) embedding ones. Based on the results of Houghton et al. [2] , we expect our configurations to be close to the exact solutions of the model and therefore, we expect that most of the properties of our configurations to be shared by the exact solutions of the model.
SKYRME FIELDS FROM HARMONIC MAPS
The idea of the Houghton et al. construction [2] is to separate the radial and the angular dependence of the fields by using an appropriate ansatz. Using the polar coordinates (r, θ, φ) in R 3 , our generalisation of Houghton et al.'s ansatz is given by
where P is a hermitian projector which depends only on the angular variables (θ, φ) and
is, what we call, the radial profile function. For (5) to be well-defined at the origin, we have to require that g(0) = π while the boundary value U → I at r = ∞ requires that g(∞) = 0. An attractive feature of the ansatz (5) is that it leads to a simple expression for the energy which can be successively minimized with respect to the parameters of the projector P and then with respect to the shape of the profile function g(r).
Note that the matrix P describes a CP 2 field defined on the sphere. Hence, as we will see, rather than using the polar coordinates, it is convenient to project the sphere onto the complex plane via a stereographic projection and, instead of θ and φ, use the complex coordinate ξ = tan(θ/2)e iφ and its conjugate.
Then it is straightforward to verify that for the ansatz (5) the energy (2) becomes
where
Moreover, the baryon number becomes
where we have used the boundary conditions on g and the normalisation has been chosen so that B takes integer values.
As the two integrals N and I are independent of r, we can minimise (6) by first minimising N and I as functions of P and then with respect to the profile function g.
However, it is easy to see that N is the expression for the energy of the 2-dimensional
Euclidean CP 2 sigma model. All classical solutions of this model are well known and can be found in [14] . They contain the so-called self-dual solutions, instantons or holomorphic maps from S 2 into CP 2 first given in [15] :
where the projector P satisfies the equations
which imply that ∂f ∂ξ = 0.
Incidentally, the CP 2 sigma model does have other solutions which we shall not consider here. Finite energy solutions of the CP 2 model, which we are interested in, are thus given by any polynomial holomorphic vectors f (ξ). In this case, the energy N is given by the degree of f , ie the degree of the highest order polynomial in ξ among the components of f after all their common factors have been cancelled.
Next we note that the angular part of the baryon charge (10) is nothing but the expression for the topological charge of the CP 2 sigma model, which simplifies to
To minimise (6) for a configuration with a given baryon number B, we take f (ξ) to be a holomorphic vector of degree B which, by construction, minimises N . First we use the global SU(3) invariance of the model to reduce the number of parameters to the moduli space of the 2-dimensional sigma model, ie
with respect to all the coefficients.
Finally, treating N = n and I as two fixed parameters, we minimize (6) 
An interesting feature of SU(2) multi-skyrmion solutions is the shape of surfaces of constant energy or baryon density. In fact, the energy and the baryon densities of the skyrmion solutions look very similar. For the baryon density these surfaces look like hollow shell-like structures with holes in it, while for the energy densities the holes are partly filled in and so are represented by local minima.
In order to investigate the situation for our SU(3) field configuration, we have to look at the components of f given in (15) and study their effects on the density (14) .
t where K, L and M are polynomials of degree B, B − 1 and B − 2 respectively, the integrand of (9) takes the form
Note that the integrand of (17) is a scalar with respect to U(3) transformations applied to the vector f . Hence, any modifications of f which can be interpreted as such U (3) transformations are symmetries of (17) .
The radial factor g r sin 2 g in (17) indicates that if the angular part of the density vanishes, the baryon density will have radial holes going from the origin to infinity.
For the density to vanish at some point we must require that the three factors in the numerator of (17) must vanish together, ie must have a common root. This is true, when the three polynomials
have a common factor. However, these polynomials have 2(B − 1), 2B − 3 and 2(B − 2) roots, respectively; in addition with a possible root at infinity (ie at the South pole of the sphere). By counting powers we see that the density does not vanish at ξ = ∞ unless L is a polynomial of degree less than B − 1.
From this we conclude that the baryon density can have at most 2B − 3 holes but, in general, it is likely to have fewer holes if any. Of course, when some terms in (17) vanish, the expression may (but does not have to) have a local minimum. Note that this is in complete contrast with the SU(2) configurations of Houghton et al. [2] which always have 2(B − 1) holes. In the SU(2) case, the vector f has only two components and so there is only one factor in the numerator of the baryon density and so it has 2(B − 1) zeros.
BOUND STATES OF SU (3) SKYRMIONS
In this section we present the detailed form of harmonic maps which we use in the construction of our SU(3) skyrmion field ansatze.
First of all, the B = 1 case, as discussed in [1] , is given by the SU(2) embedded skyrmion (ie the hedghog ansatz). Next we discuss our field configurations for B = 2 − 6.
In each case, having found the map which minimises I, we solve numerically (16) and determine the corresponding profile function g. In Figure 1 we present the energy profiles (as a function of r) of the resultant skyrmion field configurations. The profiles are given by the integrand of (6) where the angular part of the energy, contained in N and I, has been integrated. In Figure 2 we present the θ angular dependence of the baryon densities for B = 2 − 4 (there is no dependance on φ).
B = 2
Using the ansatz (15), we have minimised I numerically and have found f to agree with the ansatz presented in [1] , ie to be given by
For this field configuration |P + f | 2 /|f | 2 = 2/(1 + |ξ| 2 ) 2 and hence, as shown in Figure 2 , we see that the baryon and energy density are independent of the polar angles on the sphere. Thus the energy density of the B = 2 field represents a hollow sphere. Let us note that the SU(2) embedding corresponds to [2] 
It is easy to check that this embedding does not correspond even to a local minimum within the harmonic map ansatz for the SU(3) fields. To see this we take
and then it can be easily shown that as b increases from b = 0 (corresponding to the embedding) the energy decreases. Substituting f , given by (20), into the expression for I (8) we find
Differentiating with respect to |b| 2 and setting |b| = 0 we obtain dI d|b| 2
which proves the instability of the rational map embedding as it is obvious, from (6) , that if I decreases, the energy decreases too. Of course, at this stage, we are not able to say anything definitive about the stability of the full embedding (which could be abtained numerically by relaxing the rational map ansatz) as this involves going beyond our ansatz.
Nevertheless, the observed instability of the embedded rational maps suggest that the exact solutions might be unstable as well.
B = 3
The numerical minimisation of I leads to the following expression for f :
The baryon density of this configuration is axially symmetric and has the shape of a torus with a sphere on the top of it. In Figures 3a and 3b , we present plots of surfaces of constant baryon density for two different values. The value we have chosen are respectively 0.3 and 0.7 times the maximum value of the topological density. (In all the graphs that follow, we always express the constant value for the curve as a fraction of the maximum density value). Notice that for low density value, the three skyrmion configuration has the shape of a pear, while for higher density values it looks like a ring under a small ball.
The energy density has the same symmetry and has a virtually indistinguishable shape.
This is also true for all the solutions that we will present below.
Note that as all components of f are monomials, a transformation ξ → ξ ′ = ξe iα for any α (which corresponds to a rotation around the z axis), can be interpreted as an SU(3) transformation. Hence the baryon density is invariant with respect to such transformations, ie it is axially symmetric. Note that when three SU(2) skyrmions scatter [16] , they go through a configuration which has the same shape and symmetry as our configuration shown in Figure 3 .
The baryon density for (24) does not vanish except when |ξ| 2 is infinite. This happens since the three terms in the numerator of (17) do not have common factors; however as the second term of (24) is a polynomial of degree one, the baryon density vanishes for ξ = ∞. Indeed, we see in Figures 2 and 3 that the density vanishes on the negative part of the z-axis (θ = π). For B = 4 we find
This configuration also corresponds to energy and baryon densities that are axially symmetric and they have the shape of two tori on top of each other. In Figures 4a and 4b, we present plots of the surfaces of two constant baryon densities.
Once again, the densities corresponding to (25) are invariant with respect to an arbi-
Note that the baryon density for (24) does vanish when ξ is zero or when its modulus |ξ 2 | is infinite. This happens since the three terms in the numerator of (17) have a single common factor at ξ = 0, and the second term of f is a polynomial of degree two -implying once again that the baryon density vanishes when ξ = ∞. Indeed, this can be observed in Figures 2 and 4 ; clearly the density vanishes along the z-axis (θ = 0 and θ = π). Once again, a similar configuration has been observed in the scattering of four SU(2) skyrmions [17] .
The holomorphic vector for B = 5 is given by
Note now that a transformation ξ → ξ ′ = iξ (ie a 90 0 degree rotation around the z-axis)
corresponds to a global SU (3) To understand this better we note that if we take f in the form close to (26), ie
then all the three terms in the numerator of (17) have zeros when
giving four holes in the baryon density. As our field (26) is not very different from (27) our densities have minima which are the reflection of the holes (28) partially filled in by going from (27) to (26).
B = 6
The holomorphic vector for B = 6 is given by
where k was found to be 7.06 numerically. Once again the baryon density for (29) does not have any holes but has regions where it is small but non-zero (see Figure 6a and 6b ). at the north pole of the angular sphere while for B = 6 they form a structure which is icosahedrally symetric.
These shapes are very different from what was seen for SU(2) fields and, as we have discussed above, they have also different symmetries.
In Figure 1 , where we have ploted the energy profile functions for baryon numbers from two to six we note that the effective size of the baryons increases with the increasing baryon number -this is reflected in the shift to the right of the profile functions.
In Table 1 gives the value of the angular integral I, the energy per skyrmion of the SU (3) harmonic map configurations, the energy of the true (TRUE) embedded SU (2) skyrmions [2] and the the energy of the SU (2) rational maps (APPROX) [2] .
CONCLUSIONS
We have shown that the SU(3) Skyrme model has solutions with energies smaller than the corresponding SU(2) embedded solutions. We have proved this by constructing low energy configurations using a holomorphic map ansatz. The configurations found have baryon and energy densities which are more symmetrical than the SU(2) solutions of the same baryon number.
Moreover, we have also managed to show that some embeddings of SU(2) rational map field configurations are not stable in SU(3); they do not correspond to stationary points of the SU(3) action.
The energy and baryon densities of our SU(3) fields exhibit shell-like structures; in all cases, except for B = 1, they are different than the corresponding structures seen in the SU(2) model and are more symmetrical.
In our calculations we have assumed that the meson masses are zero. To introduce realistic meson masses one would have to break the SU(3) symmetry; this topic is currently under investigation.
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